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We study the effects of the quantum geometric tensor, i.e., the Berry curvature and the Fubini-
Study metric, on the steady state of driven-dissipative bosonic lattices. We show that the quantum-
Hall-type response of the steady-state wave function in the presence of an external potential gradient
depends on all the components of the quantum geometric tensor. Looking at this steady-state Hall
response, one can map out the full quantum geometric tensor of a sufficiently flat band in momentum
space using a driving field localized in momentum space. We use the two-dimensional Lieb lattice
as an example and numerically demonstrate how to measure the quantum geometric tensor.
The developments in the study of topological insula-
tors and superconductors have led to growing interest
in understanding the geometry and topology of energy
bands in condensed-matter physics [1–3]. The prototype
of the two-dimensional topological insulator is the quan-
tum Hall system, where the quantized Hall conductance
is related to the topological Chern number of bands [4, 5].
The Chern number is the integral of the geometrical
Berry curvature over the Brillouin zone. This Berry cur-
vature is associated with the adiabatic response of the
system under a slow change in parameters [6] and has
been directly measured in experiments [7, 8].
Along with these developments, another geometrical
quantity of energy bands, the Fubini-Study metric, has
recently attracted great interest [9–33]. The Fubini-
Study metric describes the “distance” between two quan-
tum states in a parameter space and is related to phases
acquired under non adiabatic processes [10, 11]. There-
fore, it affects physical observables under the fast change
of external parameters, or when the system is dissipa-
tive [9, 12]. It is also known to play important roles in the
orbital magnetic susceptibility [13–17], the entanglement
and many-body properties of quantum systems [18–22],
superfluid density [23, 24], and quantum information [25–
28]. Both the Berry curvature and the Fubini-Study met-
ric can be understood from a general framework in terms
of the quantum geometric tensor, whose real part gives
the Fubini-Study metric while the imaginary part gives
the Berry curvature [9].
In this paper, we find a simple relation between the
quantum-Hall-type response in the steady state of driven-
dissipative bosonic lattices and the full quantum geomet-
ric tensor. Our results are relevant to photonic or me-
chanical lattices with non trivial geometrical or topolog-
ical band structures, which have lately been an intensive
area of study [34–37]. Previous studies have shown that
analogs of the quantum Hall effects take place in certain
lattices with loss, through the center-of-mass response
of the steady-state when a lattice site is continuously
driven [1–3]. Here we clarify the relation between the
full quantum geometric tensor and the center of mass
within linear response for general driven-dissipative lat-
tices, which is valid in any spatial dimensions.
Our finding can, in turn, be used to map out the full
quantum geometric tensor of sufficiently flat bands over
the entire Brillouin zone. There have been proposals to
directly observe the effects of the Fubini-Study metric
in various non adiabatic systems [29], such as through
the current noise spectrum in electronic systems [30],
the Lamb-shift-like energy shift in excitons [31], the
Stu¨ckelberg interferometry for ultracold atoms [32], and
non adiabatic evolution of wave packets in exciton-
polariton microcavities [33]. One can also, in principle,
use the quantum-state tomography technique [7, 41, 42]
to construct the Fubini-Study metric from the full in-
formation of Bloch states. There is, however, no di-
rect experiment to date reporting the measurement of
the Fubini-Study metric. Therefore, it is of great inter-
est to propose concrete procedures from which one can
experimentally determine the Fubini-Study metric. Our
method to map out the full quantum gemetric tensor over
the Brillouin zone can be a versatile and unique tool in
topological photonics and topological mechanics to ex-
plore the topology and geometry of energy bands. In the
final part of the paper, we use the flat band of the two-
dimensional Lieb lattice as an illustration to numerically
demonstrate our principle.
Quantum geometric tensor. We consider non interact-
ing tight-binding models with q lattice sites per unit cell.
The model has q energy bands; En(k) is the dispersion of
the nth band as a function of momentum k whose corre-
sponding Bloch state is |nk〉. The Berry curvature Ωnij(k)
is defined by
Ωnij(k) ≡ i
[〈∂kink|∂kjnk〉 − 〈∂kjnk|∂kink〉] , (1)
which has a simple physical meaning as the magnetic field
in momentum space [43–46]. The band has another geo-
metrical structure called the Fubini-Study metric, which
is defined through the following relation determining the
“distance” ds2 between two nearby Bloch states
ds2 = 1− |〈nk|nk+dk〉|2 ≡
∑
i,j
gnijdkidkj +O(|dk|3), (2)
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2which leads to
gnij(k) ≡
1
2
[〈∂kink|∂kjnk〉+ 〈∂kjnk|∂kink〉
−〈∂kink|nk〉〈nk|∂kjnk〉 − 〈∂kjnk|nk〉〈nk|∂kink〉
]
. (3)
Note that Ωnij is anti-symmetric in the indices i and j,
while gnij is symmetric. Both the Berry curvature and
the Fubini-Study metric are geometrical properties of the
energy band and are invariant under the gauge transfor-
mation |nk〉 → eiθ(k)|nk〉. Both quantities can be written
in a uniform manner in terms of the quantum geometric
tensor defined by [9]
χnij(k) ≡ 〈∂kink|(1− |nk〉〈nk|)|∂kjnk〉. (4)
Its real part gives the Fubini-Study metric gnij = Reχ
n
ij ,
and the imaginary part gives the Berry curvature Ωnij =
−2Imχnij . The goal of this paper is to find a simple rela-
tion between the quantum geometric tensor and observ-
able quantities in the steady-state of driven-dissipative
systems and give a concrete protocol to experimentally
determine the quantum geometric tensor.
Steady-state Hall response. The Hamiltonian of a
generic non interacting tight-binding lattice model takes
a quadratic form Hˆ =
∑
r,r′ bˆ
†
rHr,r′ bˆr′ , where bˆ
†
r and bˆr
are the creation and annihilation operators of a boson at
site r. The corresponding Heisenberg equations of motion
are a set of classical linear equations, after taking the ex-
pectation values of operators: i∂tβr(t) =
∑
r′ Hr,r′βr′(t),
where βr(t) ≡ 〈bˆr(t)〉. We assume that the system has a
uniform loss (dissipation) of rate γ from each site, which
can be incorporated into the Heisenberg equations of mo-
tion by adding imaginary diagonal terms −iγβr(t) to
the right-hand side. Then, the Heisenberg equation of
motion describing the driven-dissipative lattice system
is [1, 47]
i∂t|β(t)〉 = (H − iγIN ) |β(t)〉+ |f(t)〉, (5)
where H is the matrix whose r-r′ component is Hr,r′ ,
|β(t)〉 is a vector whose components are βr(t), |f(t)〉 is a
vector describing the driving term, and IN is an N -by-N
identity matrix with N being the number of lattice sites
in the system. This equation is fully classical; it not only
describes non interacting quantum mechanical systems
but also classical light in coupled resonators [48–50] and
coupled classical mechanical pendula [3].
Assuming that the driving is monochromatic with the
frequency ω0, |f(t)〉 = |f〉e−iω0t, there exists a steady
state of the system which oscillates with the same fre-
quency |β(t)〉 = |β〉e−iω0t. The steady state is experi-
mentally obtained by driving the system and waiting for
a sufficiently long time compared to 1/γ. The steady-
state wavefunction is obtained by solving the following
time-independent linear equation:
{(ω0 + iγ)IN −H} |β〉 = |f〉. (6)
We now look at an analog of the quantum Hall effect:
to apply a small force Ej in one direction, rj , and to
see a response in the center of mass in another direction,
ri. The force is applied by adding a term −rˆjEj in the
Hamiltonian, where rˆj is the position operator in the rj
direction.
To understand how the center-of-mass position can de-
pend on the geometry in momentum space, we Fourier
transform the state |β〉 and the drive |f〉, which we write
|β(k)〉 and |f(k)〉, respectively. The Fourier transforma-
tion of each sublattice component is taken separately;
practically, |β(k)〉 and |f(k)〉 are vectors with q compo-
nents. In order to obtain a simple relation between the
center of mass and the momentum-space geometry, we
consider performing q different measurements. Looking
at each unit cell, the driving fields corresponding to these
q measurements should form an orthonormal set of vec-
tors. For example, we drive only one sublattice for each
measurement and going through all the q different sub-
lattices with q measurements. (We give the full details
of the driving and detection scheme in the Supplemental
Material [51].) More mathematically, we write q differ-
ent driving fields as |f l(k)〉, with l = 1, 2, · · · , q, where
each |f l(k)〉 is a q-component vector for a given k. We as-
sume that |f l(k)〉 can be separated into k-dependent real-
valued profile function f(k) and the k-independent sub-
lattice structure as |f l(k)〉 = f(k)|l〉. The orthonormal-
ity within a unit cell means that the q-component vectors
|l〉 satisfy the completeness condition ∑ql=1 |l〉〈l| = Iq.
We denote the steady-state field amplitudes in real and
momentum spaces when the driving field is |f l(k)〉 by |βl〉
and |βl(k)〉, respectively. We then consider the following
combined center-of-mass displacement:
〈〈rˆi〉〉 ≡
∑
l〈βl|rˆi|βl〉∑
l〈βl|βl〉
=
∑
l
∑
k〈βl(k)|i∂ki |βl(k)〉∑
l
∑
k〈βl(k)|βl(k)〉
≡ 〈〈rˆi〉〉num〈〈rˆi〉〉den ,
(7)
which is an experimentally measurable quantity. We de-
fined the numerator as 〈〈rˆi〉〉num and the denominator as
〈〈rˆi〉〉den. Previously, we analyzed the structure of 〈〈ri〉〉 for
specific models when f(k) is constant and derived how
the Chern number or the energy-resolved Berry curva-
ture can be extracted from the steady state [1–3]. Now
we consider general lattice models with a general driv-
ing |f(k)〉 and reveal the dependence of 〈〈rˆi〉〉 on the full
quantum geometric tensor. In the presence of a force,
the steady state |βl(k)〉, up to the first order in Ej , is
|βl(k)〉 = 1
(ω0 + iγ)Iq −Hk |f
l(k)〉
− iEj
(ω0 + iγ)Iq −Hk
∂
∂kj
1
(ω0 + iγ)Iq −Hk |f
l(k)〉, (8)
where Hk is the momentum-space Hamiltonian in the
absence of the force.
3Using (8), the combined center of mass 〈〈rˆi〉〉 up to the
lowest order in the applied force can be calculated. We
give the full expression of 〈〈rˆi〉〉 for a general lattice in the
Supplemental Material [51], and in the main text we focus
on the situation where the band of interest is flat enough
and sufficiently separated from other bands. We set the
frequency of the driving ω0 to be close to the nth band
whose energy is En and define the detuning ∆ ≡ ω0−En.
In general, even if the band is not completely flat, our re-
sults hold if the detuning ∆ and the loss γ is sufficiently
larger than the bandwidth, but sufficiently smaller than
the bandgap to the neighboring bands. Under these con-
ditions, the denominator and the numerator of (7) are
〈〈rˆi〉〉den = 1
∆2 + γ2
∑
k
f(k)2 +O(E2j ),
〈〈rˆi〉〉num = − Ej
(∆2 + γ2)2
∑
k
{
γf(k)2Ωnij(k)
+2∆
(
f(k)2gnij(k) + ∂kif(k)∂kjf(k)
)}
+O(E2j ). (9)
We can see that the combined center of mass 〈〈rˆi〉〉 =
〈〈rˆi〉〉num/〈〈rˆi〉〉den depends on both the Berry curvature
and the Fubini-Study metric.
If we choose the driving field profile f(k) to be inde-
pendent of k, the combined center of mass 〈〈rˆi〉〉 depends
on the average of the Berry curvature and the Fubini-
Study metric, and for the Harper-Hofstadter model, one
recovers the results obtained in Refs. [1–3].
On the other hand, using a driving field which has the
Gaussian form, one can access the quantum geometric
tensor with resolution in momentum space as we now
show. We assume that the driving field profile takes the
following Gaussian form f(k) = f exp
(−(k− k0)2/2σ2k),
where k0 is the center of the Gaussian in momentum
space and σk is the spread of the Gaussian. Assuming
that σk is small enough so that the change in f(k) around
k0 is much faster than that in Ω
n
ij(k) and g
n
ij(k), we
obtain the following expression:
〈〈rˆi〉〉 ≈ − Ej
∆2 + γ2
{
γΩnij(k0) + 2∆
(
gnij(k0) +
δij
2σ2k
)}
,
(10)
where δij is the Kronecker delta. This expression is the
central result of the paper, which relates the steady-
state response 〈〈rˆi〉〉 and the full quantum geometric ten-
sor. This expression, in turn, allows one to estimate
the momentum-resolved full quantum geometric tensor
from the driven-dissipative steady state. We did not
specify the dimensionality of the lattice; this expression
is valid in any dimension including four spatial dimen-
sions [2, 52]. Restricting to two dimensions, one can
extract the quantum geometry in the following way. To
estimate the only nonzero component of the Berry curva-
ture, Ωnxy = −Ωnyx, one can set the detuning ∆ to be zero,
and Ωnxy(k0) ≈ −〈〈xˆ〉〉γ/Ey. To estimate xy component of
the Fubini-Study metric, gnxy = g
n
yx, one can perform two
sets of measurements; add a force in y direction and mea-
sure 〈〈xˆ〉〉, and add a force in x direction and measure 〈〈yˆ〉〉.
This gives gnxy(k0) ≈ −∆
2+γ2
4∆
[
〈〈xˆ〉〉
Ey
+ 〈〈yˆ〉〉Ex
]
. To estimate
the diagonal component of the Fubini-Study metric, e.g.,
gnxx, one can add a force in x direction and measure 〈〈xˆ〉〉
which gives gnxx(k0) ≈ −〈〈xˆ〉〉∆
2+γ2
2∆Ex
− 1
2σ2k
. We can thus
determine all the components of the quantum geometric
tensor. Next, we numerically demonstrate this scheme
using the two-dimensional Lieb lattice as an example.
Two-dimensinal (2D) Lieb lattice. The two-
dimensional Lieb lattice is a tight-binding model with
three sites per unit cell, as described in Fig. 1 [53, 54].
A unit cell contains three lattice sites belonging to three
sublattices, A, B, and C. Four different types of hopping
amplitudes, t1, t
′
1, t2, and t
′
2 exist, which are indicated
in the figure. The tight-binding Hamiltonian of the 2D
Lieb lattice is
H = −
∑
x,y
(
t1a
†
x,ybx,y + t2c
†
x,ybx,y
+t′2b
†
x+1,ycx,y + t
′
1b
†
x,y+1ax,y + H.c.
)
, (11)
where ax,y is the annihilation operator of a particle in
the A sublattice in the unit cell located at position (x, y).
The annihilation operators bx,y and cx,y are defined simi-
larly. We take the spacing between the adjacent unit cells
to be unity. The model has three bands, and the middle
band is flat with zero energy. A typical dispersion of the
model is plotted in Fig. 1(b).
A
B C
(a)Two-dimensional Lieb lattice (b)Energy dispersion
FIG. 1. (a) A schematic structure of the two-dimensional
Lieb lattice. Three sublattices, A, B, and C, are indicated
respectively by white, black, and gray circles. Three lattice
sites, such as the ones indicated within the dashed square,
form a unit cell, and the respective hopping amplitudes are
indicated. (b) The dispersion of the two-dimensional Lieb
lattice as a function of momenta kx and ky with parameters
t1 = t2 = 2t
′
1 = 2t
′
2.
We now apply the method developed in the previous
section to numerically estimate the quantum geometry of
the flat band. We consider a lattice of 40× 40 unit cells,
4(a)Estimated Berry curvature
Ωxy(kx, ky)
(b)Estimated Fubini-Study
gxy(kx, ky)
(c)Estimated Fubini-Study
gxx(kx, ky)
(d)Estimated Fubini-Study
gyy(kx, ky)
(e)Ideal Berry curvature
Ωxy(kx, ky)
(f)Ideal Fubini-Study
gxy(kx, ky)
(g)Ideal Fubini-Study
gxx(kx, ky)
(h)Ideal Fubini-Study
gyy(kx, ky)
FIG. 2. Complete quantum geometric tensor of a 2D Lieb lattice. [(a)-(d)] Estimated values from the numerical simulation of
the driven-dissipative steady-state using (10); the left-hand side of (10) is estimated from the full numerical simulation of (6)
and then (7), and we use (10) to extract the components of the quantum geometric tensor. [(e)-(h)] Ideal values calculated
from the definition of the Berry curvature (1) and the Fubini-Study metric (3). All the figures are in units of the lattice spacing
squared.
and we take the lattice parameters to be t1 = t2 = 2t
′
1 =
2t′2, corresponding to the band gap of ∼ 0.7t1 to the
other bands. For all the calculations, we assume that the
driving field has the width σk = 1/5. Upon numerically
estimating 〈〈rˆi〉〉 up to the first order in Ej , we perform
differential measurements with opposite forces Ej and
−Ej in order to remove contributions from second (and
any even) order terms in Ej .
To map out the xy component of the Berry curvature
Ωxy and the Fubini-Study metric gxy of the middle band,
we use the detunings ∆ = 0 and ∆ = 0.1t1, respectively,
and the loss γ = 0.1t1 and the force Ej = 0.01t1. Nu-
merically estimated Ωxy and gxy are plotted in Figs. 2(a)
and 2(b), together with their ideal values calculated ac-
cording to their definitions in Figs. 2(e) and 2(f). The
agreement we find is excellent. The parameters we use
here are within the current state-of-the art experiments
of photonic lattices [55].
Estimating the diagonal (xx and yy) components of the
Fubini-Study metric requires more stringent conditions.
This is because, in Eq. (10), the term 1/2σ2k dominates
over gxx or gyy and thus the Fubini-Study metric contri-
bution in 〈〈rˆi〉〉 becomes a small correction over 1/2σ2k. In
order to correctly capture this small correction, we need
to use smaller values of ∆ and γ (otherwise the effects
of other bands enter) and also a small force (otherwise
third or higher order terms in Ej enter). In Figs. 2(c)
and 2(d), we plot the estimated values of gxx and gyy
using ∆ = 0.01t1, γ = 0.01t1, and Ej = 0.0001t1. The
ideal values of the Fubini-Study metric are plotted in
Figs. 2(g) and 2(h), which show good agreement with
the estimated values. For diagonal terms of the Fubini-
Study metric, the necessity in using small parameters
is a major challenge in experimentally implementing the
scheme. In general, having a larger band gap allows one
to use larger values of the parameters.
Conclusion. We have shown that a steady-state Hall
response of bosons in driven-dissipative lattices has a sim-
ple dependence on the full quantum geometric tensor.
The relation we find is valid for lattices with any spatial
dimensions. We have demonstrated how one can esti-
mate the momentum-resolved quantum geometric tensor
using the steady-state Hall response for the flat band
of the 2D Lieb lattice. Our method is of direct experi-
mental relevance in various synthetic photonic systems,
such as the silicon micro-ring resonators [48, 49], exciton-
polariton microcavity arrays [55–57], and microwave cav-
ity arrays [50]. The generalization of the method to ex-
tract the full quantum geometric tensor for non flat bands
are left for future works. We have focused on the case
5where the emission from each cavity can be isolated and
measured independently. It would be interesting to ex-
tend the method to a more general situation where the
emission from nearby cavities overlap.
Our method opens a unique way for bosonic topologi-
cal systems, such as photonic [34, 35] or mechanical sys-
tems [36, 37], to explore geometrical and topological band
structures with probes not available in electronic topo-
logical insulators. We hope that our work stimulates the
further study, both theoretically and experimentally, on
the understanding of the quantum geometric tensor.
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7.
Supplemental Material for “Steady-state Hall response and quantum geometry of
driven-dissipative lattices”
I. DETAILS OF DRIVING AND DETECTION SCHEMES
We describe here details of the driving and detection schemes we use. The state of the system and the driving field
are described by vectors which are denoted by |β〉 and |f〉, respectively. To understand the structures of |β〉 and |f〉
in a more intuitive manner, let’s take a concrete example of the two-dimensional Lieb lattice introduced in the main
text. A unit cell of the two-dimensional Lieb lattice has three sublattice sites, called A, B, and C sublattices. Let
|A, r〉, |B, r〉, and |C, r〉 denote states with a particle at A, B, and C sublattices, respectively, in a unit cell positioned
at r. Then, using these states as basis states, the state vector |β〉 can be expanded as
|β〉 =
∑
r
(βA,r|A, r〉+ βB,r|B, r〉+ βC,r|C, r〉) , (S1)
where βA,r, βB,r, and βC,r are, in general, complex numbers. We define the Fourier transform |β(k)〉 of |β〉 separately
for each sublattice. For example, we perform the Fourier transform for A sublattice as
βA(k) ≡ 1√
Nc
∑
r
e−ik·rβA,r, (S2)
where Nc is the number of unit cells in the system. The relation N = qNc holds, where N is the total number of
lattice sites and q is the number of lattice sites per unit cell. For the 2D Lieb lattice, q = 3. The Fourier transforms
βB(k) and βC(k) are defined similarly. Writing the state with a particle only in sublattice A with momentum k as
|A,k〉, and defining |B,k〉 and |C,k〉 similarly, the Fourier transformed state vector |β(k)〉 is
|β(k)〉 ≡ βA(k)|A,k〉+ βB(k)|B,k〉+ βC(k)|C,k〉. (S3)
Assuming that we always use |A,k〉, |B,k〉, and |C,k〉 as basis states, we can conveniently write |β(k)〉 in a vector
format as
|β(k)〉 =
βA(k)βB(k)
βC(k)
 . (S4)
In general, |β(k)〉 is a q-component vector.
The driving field |f〉 and its Fourier transform |f(k)〉 are defined similarly. As described in the main text, we
perform q measurements with different driving fields |f l(k)〉 and combine the results. We assume that |f l(k)〉 can be
decomposed into sublattice-independent overall profile f(k) and the sublattice-dependent part as
|f l(k)〉 =
f lA(k)f lB(k)
f lC(k)
 = f(k)|l〉. (S5)
Here, |l〉 is a k-independent q-component vector. In order to simplify the expressions of the center of mass, we assume
that |l〉 satisfies the completeness relation defined by∑
l
|l〉〈l| = Iq. (S6)
This means that we need to perform measurements using q sets of orthogonal vectors as driving fields. We can achieve
this by choosing, for example,
|1〉 =
10
0
 , |2〉 =
01
0
 , |3〉 =
00
1
 , (S7)
8when q = 3. This type of driving field requires driving only one sublattice at a time, which can be experimentally
achieved by individual addressing of cavity sites, or by masking the sample covering sites except for one sublattice
and performing experiments. Another choice, which is probably more experimentally straightforward, is to drive all
sublattice sites but with different phases. Defining a nontrivial cubic root of 1 as ω ≡ ei2pi/3, we can choose
|1〉 = 1√
3
11
1
 , |2〉 = 1√
3
 1ω
ω2
 , |3〉 = 1√
3
 1ω2
ω
 , (S8)
which also satisfies the completeness relation. Once we know the desired form of |l〉 and the profile function f(k),
the corresponding driving field in real space |f l〉 can be obtained by Fourier transforming f(k). Namely, writing
|l〉 = (lA, lB , lC)T ,
|f l〉 = 1√
Nc
∑
r
(∑
k
eik·rf(k)
)
(lA|A, r〉+ lB |B, r〉+ lC |C, r〉) . (S9)
Defining the profile function f(r) in real space as
f(r) =
1√
Nc
∑
k
eik·rf(k), (S10)
the driving field in real space is simply
|f l〉 =
∑
r
f(r) (lA|A, r〉+ lB |B, r〉+ lC |C, r〉) . (S11)
Numerically and experimentally, this |f l〉 is the driving field to be applied to the lattice.
Finally we comment on the detection scheme. Performing q measurements with q different driving fields |f l〉, we
want to measure the combined center of mass
〈〈rˆi〉〉 ≡
∑
l〈βl|rˆi|βl〉∑
l〈βl|βl〉
, (S12)
where |βl〉 is the steady-state under the driving field |f l〉. Expanding |βl〉 as
|βl〉 =
∑
r
(
βlA,r|A, r〉+ βlB,r|B, r〉+ βlC,r|C, r〉
)
, (S13)
each term in the denominator of (S12) is
〈βl|βl〉 =
∑
r
(|βlA,r|2 + |βlB,r|2 + |βlC,r|2) , (S14)
which is nothing but the total intensity of the fields summed over the whole lattice. Each term in the numerator of
(S12) is
〈βl|rˆi|βl〉 =
∑
r
ri
(|βlA,r|2 + |βlB,r|2 + |βlC,r|2) , (S15)
which is the average ri-position of the steady-state, up to a normalization factor. Therefore 〈〈rˆi〉〉 can be numerically
and experimentally measurable by detecting the intensity of each lattice site |βlA,r|2, |βlB,r|2, and |βlC,r|2. In the main
text, when we numerically estimate the Berry curvature and the Fubini-Study metric for the 2D Lieb lattice, we use
(S14) and (S15) to estimate 〈〈rˆi〉〉. The same expressions can be used to experimentally estimate 〈〈rˆi〉〉. One important
remark is that the factor ri in (S15) is common to all the sublattices in the same unit cell. This means that we are
not taking into account the relative positions of A, B, and C sublattices within a unit cell; upon estimating 〈βl|rˆi|βl〉,
the position ri is the position assigned to each unit cell but not to each lattice site.
9II. FULL DERIVATION OF THE CENTER OF MASS
In the main text, we wrote down the expression of the combined center of mass 〈〈xi〉〉 when the band is flat and
contribution from other bands are negligible. We derive this result here, starting from a general situation when the
band can have a non-flat dispersion and the other bands are present.
As written in the main text, the combined center of mass is
〈〈rˆi〉〉 =
∑
l
∑
k〈βl(k)|i∂ki |βl(k)〉∑
l
∑
k〈βl(k)|βl(k)〉
≡ 〈〈rˆi〉〉num〈〈rˆi〉〉den , (S16)
where the steady-state up to the first order in the external field is
|βl(k)〉 = 1
(ω0 + iγ)Iq −Hk |f
l(k)〉 − iEj 1
(ω0 + iγ)Iq −Hk
∂
∂kj
1
(ω0 + iγ)Iq −Hk |f
l(k)〉. (S17)
The derivative ∂/∂kj acts on everything on its right. Since Bloch states form a complete set of basis in the subspace
of fixed k, we have
Iq =
∑
n
|nk〉〈nk|, (S18)
where the sum is over all the bands. Then, the steady-state can be written as
|βl(k)〉 =
∑
n
|nk〉〈nk|f l(k)〉
ω0 + iγ − En(k) − iEj
∑
n
1
(ω0 + iγ)Iq −Hk
∂
∂kj
|nk〉〈nk|f l(k)〉
ω0 + iγ − En(k) . (S19)
Using this expression, 〈〈rˆi〉〉den becomes
〈〈rˆi〉〉den =
∑
l
∑
k
〈βl(k)|βl(k)〉
=
∑
l,k,m,n
[ 〈nk|〈f l(k)|nk〉
ω0 − iγ − En(k) + iEj
∂
∂kj
( 〈nk|〈f l(k)|nk〉
ω0 − iγ − En(k)
)
1
(ω0 − iγ)Iq −Hk
]
[ |mk〉〈mk|f l(k)〉
ω0 + iγ − Em(k) − iEj
1
(ω0 + iγ)Iq −Hk
∂
∂kj
( |mk〉〈mk|f l(k)〉
ω0 + iγ − Em(k)
)]
=
∑
l,k,n
〈nk|f l(k)〉〈f l(k)|nk〉
|ω0 + iγ − En(k)|2
+ iEj
∑
l,k,m,n
{
∂
∂kj
( 〈nk|〈f l(k)|nk〉
ω0 − iγ − En(k)
) |mk〉〈mk|f l(k)〉
|ω0 + iγ − Em(k)|2 −
〈nk|〈f l(k)|nk〉
|ω0 − iγ − En(k)|2
∂
∂kj
( |mk〉〈mk|f l(k)〉
ω0 + iγ − Em(k)
)}
+O(E2j ). (S20)
Now we write |f l(k)〉 = f(k)|l〉 and use the completeness relation ∑ql=1 |l〉〈l| = Iq. Up to the first order in Ej ,
〈〈rˆi〉〉den =
∑
k,n
f(k)2
|ω0 + iγ − En(k)|2
+ iEj
∑
l,k,m,n
{
∂
∂kj
( 〈nk|〈f l(k)|nk〉
ω0 − iγ − En(k)
) |mk〉〈mk|f l(k)〉
|ω0 + iγ − Em(k)|2 −
〈nk|〈f l(k)|nk〉
|ω0 − iγ − En(k)|2
∂
∂kj
( |mk〉〈mk|f l(k)〉
ω0 + iγ − Em(k)
)}
=
∑
k,n
f(k)2
|ω0 + iγ − En(k)|2 + iEj
∑
k,n
iγ
∂
∂kj
f(k)2
|ω0 + iγ − En(k)|4 . (S21)
The last term is a total derivative term, and vanishes upon summing over k. Therefore, we obtain
〈〈rˆi〉〉den =
∑
k,n
f(k)2
(ω0 − En(k))2 + γ2
+O(E2j ). (S22)
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We can similarly obtain an expression for 〈〈rˆi〉〉num. However, the calculation is much more tedious, so we just write
down the result here. Up to the first order in Ej , we have
〈〈rˆi〉〉num =
∑
k,n
f(k)2γ∂kiEn(k)
[(ω0 − En(k))2 + γ2]2
− Ej
∑
k,n
f(k)2
[(ω0 − En(k))2 + γ2]2
[
γΩnij(k + (ω0 − En(k))2gnij(k)
]
− Ej
∑
k,n
{
2(ω0 − En(k))
[(ω0 − En(k))2 + γ2]2
∂kif(k)∂kjf(k) +
2(ω0 − En(k))
[(ω0 − En(k))2 + γ2]3
f(k)2∂kiEn(k)∂kjEn(k)
+
(ω0 − En(k))2
[(ω0 − En(k))2 + γ2]3
(
∂kif(k)
2∂kjEn(k) + ∂kjf(k)2∂kiEn(k)
)
− γ
2
[(ω0 − En(k))2 + γ2]3
(
∂kif(k)
2∂kjEn(k)− ∂kjf(k)2∂kiEn(k)
)}
+ Ej
∑
k,n6=m
f(k)2
{ 〈∂kink|mk〉〈mk|∂kjnk〉
(ω + iγ − Em(k))2
1
ω0 − iγ − En(k) +
〈∂kjnk|mk〉〈mk|∂kink〉
(ω − iγ − Em(k))2
1
ω0 + iγ − En(k)
}
+O(E2j ). (S23)
This is a general expression which is always valid. Now we want to simplify it by assuming that the driving frequency
ω0 is close to the energy of one band En, which is sufficiently flat, and the other bands are sufficiently separated so
that their contributions can be neglected. Assumption of the band being flat sets all the group velocity terms (terms
of the form ∂kiEn(k)) to zero. As in the main text, we define the detuning of the driving field from the band energy
by ∆ ≡ ω0 − En. Then, we obtain
〈〈rˆi〉〉den =
∑
k
f(k)2
∆2 + γ2
+O(E2j ) (S24)
and
〈〈rˆi〉〉num =− Ej
[∆2 + γ2]2
∑
k
{
f(k)2
[
γΩnij(k) + 2∆g
n
ij(k)
]
+ 2∆∂kif(k)∂kjf(k)
}
+O(E2j ) (S25)
as in the main text. The combined center-of-mass position is given by 〈〈rˆi〉〉 = 〈〈rˆi〉〉num/〈〈rˆi〉〉den. Now we consider two
specific driving schemes and simplify the expression.
A. Single-site driving
When the driving is single-site in real space, the momentum space driving profile f(k) becomes independent of k.
Then, up to the lowest order in Ej ,
〈〈rˆi〉〉 = − 1A
Ej
∆2 + γ2
[
γ
∑
k
Ωnij(k) + 2∆
∑
k
gnij(k)
]
, (S26)
where A is the area of the Brillouin zone in momentum space. Now, the steady-state response depends on the average
of the Berry curvature, which is proportional to the Chern number, and the Fubini-Study metric. One can separate
the contributions from the Berry curvature and the Fubini-Study metric by performing two sets of measurements
interchanging i and j, taking the sum or the difference, making use of Ωnij = −Ωnji and gnij = gnji. This driving scheme
was previously used to estimate the Chern number of driven-dissipative lattices [S1-S3].
B. Gaussian driving
In the main text, we have considered the case where f(k) is a Gaussian of the form
f(k) = f exp
(−(k− k0)2/2σ2k) . (S27)
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Assuming that this Gaussian is sharply peaked around k0, the sum over k picks up the value of Ω
n
ij(k) and g
n
ij(k) at
k0. Namely, a part in 〈〈rˆi〉〉num becomes simplified as∑
k
f(k)2
[
γΩnij(k) + 2∆g
n
ij(k)
] ≈ [γΩnij(k0) + 2∆gnij(k0)]∑
k
f(k)2 (S28)
Since the derivative of f(k) obeys ∂kif(k) = −(ki − k0i)f(k)/σ2k, we obtain
〈〈rˆi〉〉 ≈ − Ej
∆2 + γ2
[
γΩnij(k0) + 2∆g
n
ij(k0)
]− Ej
∆2 + γ2
2∆
σ4k
∑
k(ki − k0i)(kj − k0i)f(k)2∑
k f(k)
2
=− Ej
∆2 + γ2
[
γΩnij(k0) + 2∆g
n
ij(k0) + δij
∆
σ2k
]
, (S29)
which is the result shown in the main text.
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